We apply and the time-dependent Hartree ͑TDH͒ method to the study of intramolecular dynamics in dimer systems. The HCl dimer is chosen as test case. Model calculations are performed on reduced dimensional representation of this system namely two-, three-, and four-dimensional ones. We assess the validity of different implementations of the TDH method including the account of direct correlations between coordinate pairs, and mixed quantum-classical and quantum-Gaussian wave packets treatments. The latter yields very good results compared to the fully quantal treatment.
I. INTRODUCTION
An important goal of chemical physics is to understand the dynamics of molecular systems. Although classical mechanics can provide a great insight into the dynamical behavior of these systems, quantum effects such as tunneling can have an important contribution to the dynamical quantities one wishes to compute and must, therefore, be accounted for. For example, tunneling is responsible for the splitting of the energy levels in dimers where two equivalent minimum structures are separated by a symmetric barrier. Other applications, such as the computation of unimolecular reaction rates, also require the inclusion of quantum effects in order to yield accurate results. The study of the exact ͑within the Born-Oppenheimer approximation͒ quantum dynamics of molecular systems is unfortunately limited by the number of degrees of freedom of the problem under study. Indeed, the cost of the computations required in such treatments grows exponentially with the number of atoms. Although recent advances in time-dependent and time-independent discrete variable representation ͑DVR͒ 1 methods have pushed ahead the limit of the size of the problems one can tackle, these approaches still scale, at best, as n f ϩ1 for a problem with f degrees of freedom and n basis functions ͑or grid points͒ per degree of freedom. Approximate methods that retain a qualitative quantum character are, therefore, required for the study of the dynamics of larger and more interesting molecular systems. A wealth of research has been pursued in this direction over the past several years and an extensive review is obviously outside the scope of the present article. We note that this vast area of investigation includes Feynman's Path integral based methods, 2 methods such as Gaussian wave packets ͑GWP͒ 3 and mean-field methods such as the timedependent Hartree ͑TDH͒ ͓or time-dependent self-consistent field ͑TDSCF͔͒, first suggested by Dirac. 4 This latter approach is especially promising because, among other things, of its simplicity and advantageous computational scaling costs. Moreover, in the TDH framework, certain degrees of freedom can easily be treated classically or semiclassically. The TDH methods have thus received special attention 5 and applications to date, to name a few, include the study of collisions processes, 6 ,7 intramolecular dynamics, 8, 9 dissociation of van der Waals molecules, [10] [11] [12] computation of electronic spectra, 13 photodissociation, 14 and quantum control. 15 A very important feature of the TDH approach is that the wave function is assumed to keep a product form. As a consequence, important correlations between the various modes are not accounted for correctly although energy is allowed to flow between the modes. Such an approximation is, therefore, expected to work well for systems that exhibit good separability between the modes. Correlated approaches have been suggested as improvement over the single configuration TDH. For example, we note the work of Manthe et al. on the multiconfigurational time-dependent Hartree ͑MCTDH͒, 16 the direct pair correlation approach [17] [18] [19] and the perturbationcorrected time-dependent self-consistent-field ͑PCTDSCF͒.
20
It is also possible to make further approximations to the TDH by treating certain degrees of freedom classically or by representing them using Gaussian wave packets. 3, 21 Such hybrid approaches have been applied, for example, to the computation of spectra, [22] [23] [24] the study of cluster dynamics, [25] [26] [27] and in photodissociation studies.
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The present paper is about the use of the TDH for the study of tunneling and the computation of energy levels in dimers. To our knowledge, the validity of the TDH approach has not yet been assessed in that context. On a related thread, Makri and Miller 33 have tested the TDH for the computation of tunneling splittings in system bath problems. They have observed that one must be careful if using single configuration TDH for those systems since the influence of the system-bath coupling strength on the tunneling splittings is poorly described by the single configuration TDH. They had to use more than one configuration to remedy the problem.
In the next section, we introduce our test case, the HCl 
II. THE HCL DIMER EXAMPLE
The HCl dimer system has been the subject of various experimental studies. [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] On the theoretical side, recent exact benchmark calculations ͓given the potential energy surface ͑PES͔͒ of the rovibrational levels were performed by Qiu and Bačić. 45 An important observation about the HCl dimer is the larger ground-state tunneling splitting value, about 15 cm Ϫ1 , compared to other dimer systems due to the relatively low interconversion tunneling barrier. We study below the applicability of the TDH method for the computation of this tunneling splitting, and energy levels in general.
We chose to use the fitted ab initio potential energy surface ͑PES͒ of Bunker et al. 46 to conduct our study. The coordinate system used is the diatom-diatom Jacobi system, ( 1 , 2 ,,r 1 ,r 2 ,R), where r i is the HCl monomer bond length (iϭ1,2), R is the distance between the centers-ofmass of each monomer, i is the angle between r i and R for monomer, i and is the dihedral angle. Atomic units are used throughout.
A. A two-dimensional model
It has been suggested that the tunneling path for this system correlates with the in-plane geared bend. 47 Based on this observation, a simple two-dimensional model should give, at least qualitatively, a fair description of the tunneling dynamics and represent a good starting point for our study of the TDH approximation for dimers. This model consists of the two degrees of freedom, 1 and 2 , and corresponds to two coupled rotors with restricted in-plane motion with the following Hamiltonian:
where the kinetic-energy operator T i , for rotor i, is
where r i and HCl are the HCl bond length and reduced mass, respectively. The potential function V
2D
( 1 , 2 ;
͕,R,r 1 ,r 2 ͖) in Eq. ͑1͒ corresponds to the full sixdimensional ab initio potential energy surface of Bunker et al. 46 with the following parameters fixed to their equilibrium geometry values: ϭ, Rϭ3.820 Å, and r 1 ϭr 2 ϭ(r 0 ϭ1.278) Å.
The TDH equations as implemented by Bisseling et al. 12 and described in details in the Appendix are used. In this approximation, the 2D wave function is assumed to have a single product form
where the phase factor (t) is time independent and equals the average energy ͗ 1 ( 1 ,t) 2 ( 2 ,t)͉Ĥ ͉ 1 ( 1 ,t)
where
͑5͒
The TDSE equation for 2 is defined in an analogous man-
SCF . The accuracy of the above approximation was tested by computing the autocorrelation function
and its Fourier transform, the power spectrum
The maxima of the power spectrum should correspond to the energies of the eigenstates of the system. A Fourier grid 48 was used to represent the wave function in each dimension. This representation is equivalent to a finite basis representation ͑FBR͒ composed of products of plane waves: exp(im 1 )exp(in 2 ). The split operator ͑SPO͒ method 48 is used in the self-consistent solution of the TDH equations. The initial wave packet is a product of Gaussian functions for each degree of freedom. A Gaussian window function was used to get a smoother power spectrum. Figure 1͑a͒ shows the autocorrelation function ͑i͒ and power spectrum ͑ii͒. Both exact and TDH results are presented. We see from this figure that for the present coordinates ( 1 , 2 ), the TDH approximation is inadequate in describing the tunneling behavior of the system. Indeed, the autocorrelation function does not exhibit the periodic feature characteristic of a tunneling system and in turn, the power spectrum presents only a single peak near the ground state instead of a doublet ͑tun-neling splitting͒ as obtained in the exact spectrum.
This apparent failure of the TDH approach is due to the poor separability of the potential in the original polar coordinate system. The quality of approximate methods such as the TDH depends greatly on the choice of coordinates. There is an obvious symmetry in the present case since the two monomer units are identical. To take advantage of this symmetry, one makes linear combination of the original coordinates to obtain new symmetry coordinates. In the present case
are appropriate combinations. We note that the ⌽ coordinate corresponds to the geared donor-acceptor exchange. With these new coordinates, the kinetic energy becomes ͑upon application of the chain rule͒
and the product basis becomes
Note that this basis is restricted ͑not a direct product͒. The restriction on the basis is required so that the correct boundary conditions are satisfied. Indeed, the ⌰ and ⌽ are doublevalued functions of the nuclear configuration; a change of 2 to 1 or 2 does not affect the nuclear configuration but changes ⌰ and ⌽ by .
The TDH method requires a single product form of the wave function and, therefore, the underlying basis must be of direct-product form. The above nondirect basis cannot be used, at least directly, for the TDH. It is, however, possible to neglect the boundary conditions and make the approximation that the basis is a direct product
With this form, it is simple to construct a symmetry adapted basis since the potential is an even function of both ⌰ and ⌽. In terms of a grid representation, cosine and sine DVR functions can be used on the area /2 (⌰) by (⌽) ͑one eighth of the total area͒. With this new choice of coordinates, the previous TDH calculations were repeated. As shown in Fig. 1͑b͒ , the results are now in much better agreement with the exact ones. This result is not surprising since the ⌽ coordinate is very close to the natural tunneling coordinate of the HCl dimer and is weakly coupled to the ⌰ coordinate making the single product approximation a very good one.
We also note that depending on the position of the center of the initial wave packet, different states will be resolved by the Fourier transform of the autocorrelation function:
͑1͒ For example, an initial Gaussian wave packet centered at the equilibrium position yielded the power spectrum of Fig. 1 b͒ ͑note that only the lower energy states are resolved͒. ͑2͒ A wave packet centered on the barrier yields the power spectrum of Fig. 1͑c͒ . In that case, a broader range of states is resolved because of the higher energy content of the wave packet but some states are missing due to the symmetry of the initial wave packet. Indeed, this initial wave packet is symmetric about and only symmetric states are resolved. ͑3͒ Finally, in Fig. 1͑d͒ , an initial wave packet located slightly off the top of the barrier yields states of all symmetries. Moreover, many more states are now resolved.
These 2D results illustrate how strongly the quality of the TDH approximation depends on the coordinate choice for coupled rotors. However, we also learned that coordinates that lead to good separability, and hence a more accu-FIG. 1. Absolute value of the autocorrelation function ͑i͒ and power spectra ͑ii͒ for the 2D model calculation. Results for the ( 1 , 2 ) coordinate system are given in ͑a͒ while ͑b͒-͑d͒ are for the (⌰,⌽) coordinates. The initial Gaussian wave packet is centered at the equilibrium configuration in cases ͑a͒ and ͑b͒. The initial Gaussian wave packet for ͑c͒ is centered at barrier and is, therefore, a symmetric function of the tunneling coordinate. The initial Gaussian wave packet for ͑d͒ is centered between the minimum and the barrier and has a higher average energy than for case ͑b͒. The full lines are associated with the TDH treatment and the dotted lines with the exact calculation.
rate TDH treatment, are not simple to use with a direct product basis and that an approximate treatment of the boundary conditions is required. This approximation holds very well at low energy.
B. Three dimensional angular results
In the following extension to three degrees of freedom, we will leave the original diatom-diatom Jacobi coordinate system unchanged and will rather concentrate on the direct correlation of certain degrees of freedom as a way of improving the TDH approximation. Such a direct pair correlation procedure is a natural way of including correlation effects and was shown to be an important improvement over the simple TDH method. 18 In a similar vein, the use of explicit two-body correlations was proposed in the context of system-bath problems 17 and was found to be a major improvement over the simple TDH method.
Note that most of the complexity of the tunneling dynamics of these dimer systems lies in the angular part of the problem. A 3D ͑three-dimensional͒ model which includes out of plane motion is, therefore, a good starting point for extending our TDH study to higher dimension. The body fixed ͑BF͒ angular kinetic energy for fixed monomer bond length, r and intermonomer distance R is
where j i is the angular momentum operator for monomer i and J is the total angular momentum, and j 12 ϭj 1 ϩj 2 . For the purpose of the TDH study, we consider Jϭ0 and neglect the last term in the kinetic energy. This approximation should be adequate since M, the dimer reduced mass and the average of R are relatively large. ͑We will compare the energy levels resulting from this approximation in the next section where a four-dimensional case is considered.͒ The resulting approximate kinetic-energy operator has the simple form
͑14͒
and b i ϭ1/2 HCl r i 2 . In order to represent the three-dimensional wave packet, we chose a simple product DVR, for which the associated FBR is of the form P j 1 ( 1 ) P j 2 ( 2 )e im , where P j () is a Legendre function. We neglect the fact that there are possible singularities in the kinetic energy using this basis. The number of grid points in 1 is 18 and is the same in 2 while only eight points were used for the grid. This basis size yielded energy levels converged to better than 1 cm Ϫ1 which was sufficient for the purpose of our study.
We implemented the TDH as in the previous 2D example but this time, we used two different factorizations of the total wave function. The first one consists in a simple product of one-dimensional wave functions that we refer to as partitioning I. The second is a product of two functions, a 1D wave function for and a 2D wave function for 1 and 2 . This is partitioning II. The Lanczos propagation scheme 49 was used instead of the split operator for the computation of the autocorrelation function and exact results are presented in Fig. 2 ͑a͒ for the autocorrelation ͑i͒ and the power spectrum ͑ii͒. The tunneling splitting is clearly seen. Results for partitioning I are presented in Fig. 2͑b͒ and show that such a factorization cannot yield the tunneling splitting. This result was anticipated based on the previous 2D results. We see from Fig.  2͑c͒ that the second factorization ͑partitioning II͒ allows the computation of the tunneling splitting of the ground state with a certain accuracy. The absolute energy is, however, shifted and the next energy level is too close to the groundstate doublet. This last result shows that the TDH with direct pair correlation can yield qualitatively acceptable results but with a questionable accuracy. We also see from those results how important the correlation between the angular degrees of freedom is. In the next example where a fourth dimension is added to the problem, all angular degrees of freedom will be included in one 3D wave function and hence directly correlated.
C. Four-dimensional results
We extend the previous example to four dimensions by allowing the inter monomer distance, R to vary. We use the DVR of Colbert and Miller 50 with 35 grid points distributed uniformly between 5 and 11 bohrs. The monomer bond lengths remain fixed to their equilibrium value. The same angular kinetic-energy form as in the previous example is used. This allows us to verify the validity of the direct product grid representation. ͑We note that the exact angular kinetic could be used with a coupled basis without much modification to the present formulation.͒ Table I shows some of the computed energy levels with respect to the zero-point energy for the present 4D model Hamiltonian for Jϭ0 and even parity. The angular basis size is 32 for both the 1 and 2 grids and eight for the grid. The basis yielded a 0.1 cm Ϫ1 convergence. The Lanczos algorithm 51 was used for the computation of the eigenvalues. Also shown in this table are the levels computed by Qiu and Bačić, 45 Elrod and Saykally, 52 and Althorpe et al. 47 using the same potential energy surface but for an exact Hamiltonian using a coupled angular basis. The energy levels resulting from our approximate angular kinetic-energy operator combined with the angular grid representation are remarkably close to the variational ones. Notice that the ground state computed from the approximate kinetic-energy operator is slightly lower. This is consistent with the fact that neglected term, (1/2M R 2 ) (JÀj 12 ) 2 , is always positive. These results also suggest that the angular grid representation is a usable one to obtain accurate results but a more extensive study using the exact kinetic-energy operator will address that issue. 53 
Computation of the eigenstates using the Lanczos recursion algorithm

Exact and TDH results
The exact autocorrelation function and power spectra for this 4D model were calculated based on the recursive residue generation method ͑RRGM͒. 54 This idea is closely related to the Lanczos propagation scheme 49 where the initial wave function u 0 is also the initial vector of the Lanczos recursion. The results are presented in Fig. 3͑a͒ . The TDH calculation was performed using a factorization of the wave function where all the angular degrees of freedom are directly correlated. This partitioning choice is based on the results of the previous section which showed that the separation of the degree of freedom from the polar angles could yield the tunneling splitting of the ground state but poorly described the next excited state. The initial wave packet is again a product of Gaussian functions in each degree of freedom. The Lanczos propagation scheme is also used in the computation of the autocorrelation function. From Fig. 3͑b͒ , we see that the TDH yields excellent results which are very close to the exact ones. The ground state is slightly higher in energy due to product approximation but the long progression of states which are a mix of angular and intermolecular stretching modes is very well reproduced. The maxima were also extracted from the power spectra and are given in Table I . The assignment was made with the help of the exact power spectrum. Note that the amplitude of a peak on the power spectrum is proportional to the overlap between the initial wavepacket and the wave function of a given state. Some states are, therefore, missing in Table I because their associated wave functions have a small overlap with the initial wave packet. Also note that states that are very close in energy will not be resolved due to the bandwidth imposed by the finite propagation time. This good performance of the single product TDH indicate that the PES of Ref. 46 exhibits a strong separability of the R coordinate from the angular degrees of freedom. Based on these encouraging results, we now attempt to simplify the problem further by making the intermonomer distance a classical degree of freedom.
Mixed quantum-classical results
We use the velocity Verlet algorithm 55 to self consistently solve the classical equations of motion of the R coordinate
͑17͒
while using the Lanczos propagation for the angular wave function, ( 1 , 2 ,,t) . The resulting mixed quantumclassical TDH approximation does not provide a nuclear wave function so that the classical contribution to the autocorrelation is assumed to be one throughout the propagation. Following our implementation of the TDH equation as described in The Appendix, the quantum part should contain the total energy of the system. To this end, the autocorrelation function is multiplied by the exp(ϪiKt) phase factor where K corresponds to the classical kinetic energy. A single trajectory calculation was performed and the results are presented in Fig. 3͑c͒ . The equilibrium R distance and zero velocity were used as initial conditions for the classical trajectories while a product of Gaussian functions formed the initial angular wave packet. We see that the mixed quantum-classical approach allows the computation of the tunneling splitting but overlooks the progression due the R stretching mode. Note that in order to have the power spectrum lying in the same energy range as for the exact calculation, the time-independent phase factor of Eq. ͑3͒, which corresponds to the average energy of the total wave function, was neglected altogether in the Fourier transform of the autocorrelation function.
A Gaussian averaging of the initial conditions and several trajectory calculations could possibly be used to improve the results but we chose instead to use a Gaussian wave packets method 3 next.
Mixed quantum-gaussian wave packet results
In order to recover some of the quantum character of the R stretching coordinate while retaining the computational simplicity of a trajectory calculation, we represent the R motion with the GWP method. The Gaussian wave packet has the following form:
͑18͒
where ␣(t) and ␥(t) are, respectively, width and phase complex parameters. Four coupled differential equations need to be solved simultaneously as opposed to two in the classical case. This set of equations is
The Runge-Kutta method was used to solve these equations of motion.
Results for the autocorrelation function and the power spectrum are presented in Fig. 3͑d͒ and the peak maxima are given in Table I . These GWP results compare very well with the exact and TDH results and surprisingly high energies can be obtained using this approximation. With the help of Table  I and after close inspection of the power spectrum, we found that the GWP results yield a more harmonic progression for the R stretching mode ͑mode 4 in Table I͒ . This observation appears to be consistent with the fact that the GWP method is based on the assumption of a locally quadratic potential. The TDH results did not suffer from this loss of anharmonicity. It should be noted that this loss of anharmonicity is a minor drawback compared to the computational advantages of the GWP method.
III. CONCLUDING REMARKS
We have presented results for the application of the TDH method to the study of dynamics in bound dimer systems with the HCl dimer as a test case. The two-dimensional results serve as an illustration of how important the choice of coordinate is when using a single product Hartree approximation. Although the change of coordinate improved the quality of the results tremendously, the approach is not general enough for higher dimensional problems. In such a case, one would face the problem of defining a coordinate transformation that would minimize the coupling between the modes. This transformation might involve more than two coordinates and would probably be adequate only for a certain region of configuration space. In the extension to three degrees of freedom, we instead used the direct correlation of a pair of coordinates as a way of improving the TDH approximation. This new partitioning of the wave function produced results which were qualitatively better than the product of 1D functions factorization which failed to produce the characteristic tunneling splitting. The four-dimensional study extended this idea further by allowing all three angles to be directly correlated. The good separability of the angular modes with respect to the intermonomer stretching mode allowed the TDH to perform very well with this partitioning choice. Note that some preliminary knowledge of the coupling between that various modes is required to make the right partitioning choice. In that respect, the TDH method with explicit correlations is less general than the MCTDH 16 but it is also less costly if only a few modes are explicitly correlated. Moreover, it is simple to extend the ''TDH with correlated modes'' approach to a mixed quantum/classical or mixed quantum/semiclassical treatment as suggested in Ref. 18 .
Based on those encouraging results, we further approximated the dynamics by making the R degree of freedom a classical one. The single trajectory mixed quantum-classical treatment of the dimer problem yielded good tunneling splittings ͑which is almost solely an angular effect in the case of the HCl dimer͒ but obviously suffered from the lack of a quantum progression in the stretching mode. As a possible improvement, we implemented the mixed quantum-GWP method where the R stretching mode was now described by a Gaussian wave packet. This approach resulted in a remedy to the aforementioned progression problem hence recovering the lost quantum character of the R mode. We observed that this progression was harmonic instead of anharmonic as in the exact case because of the locally quadratic assumption of the GWP method.
Possible future applications of the above ideas include the study of the closely related HF dimer where the tunneling splitting is much smaller. One could also study the water dimer as well as more challenging n-mer systems where the mixed quantum-GWP method should provide a considerable computational advantage over the fully quantum approaches. Indeed, as mentioned earlier, the computational cost of exact methods will scale exponentially with the number of degrees of freedom while for the quantum-GWP method, this scaling will be linear with respect to the number of additional degrees of freedom that are not treated quantum mechanically. The validity of the method for those systems remains to be tested.
A final point worth mentioning is the fact that we used a grid based method for the treatment of angular degrees of freedom rather than the more traditional coupled angular basis representation. A more detailed study of the merits of this grid representation for dimer problems will be presented in a forthcoming publication.
53
ACKNOWLEDGMENT
This research was supported in part by the National Science Foundation under Grant No. CHE-9634440.
APPENDIX: THE TDH EQUATIONS
For a given Hamiltonian
Ĥ ϭT x 1 ϩT x 2 ϩV͑x 1 ,x 2 ͒, ͑A1͒
the time-dependent Schrödinger equation ͑TDSE͒ is ͑with បϭ1)
i͉ ͑ x 1 ,x 2 ,t ͒͘ϭĤ ͉͑x 1 ,x 2 ,t ͒͘. ͑A2͒
The time-dependent wave function, ͉(x 1 ,x 2 ,t)͘, can be approximated by the following single product:
where ͉ i (t)͘ is a function of the coordinate x i and (t) is an arbitrary phase factor. The following normalization holds
͑A4͒
Substituting this product approximation in the TDSE, one obtains In an analoguous manner, we obtain for ͉ 2 (t)͘
where H 2 SCF is similarly defined. The choice of the phase factor (t) can be made independent of time by imposing the following constraints on the above coupled differential equations:
The phase factor (t) can now be evaluated recognizing that i͗ 1 (t)͉ 1 (t)͘ and i͗ 2 (t)͉ 2 (t)͘ are both equal to the total energy, ͗ 1 (t) 2 (t)͉Ĥ ͉ 1 (t) 2 (t)͘. The latter is a conserved quantity for time-independent Hamiltonians and, therefore, (t) is independent of time. With this choice of phase factor, Eqs. ͑A6͒ and ͑A8͒ become i͉ 1 
